COMPLEX NUMBERS

We often meet equations such as 22 +1 = 0 whose roots are not real.

We cannot take the square root of a negative number.

We need another category of numbers, namely the set of imaginary
numbers.

We assume the existence of a “number” 4 such that i2 = —1.
Then the equation 22 +1 =0 can be solved as follows:
2 =-1 — x2:i2—>x:+i
and any quadratic equation can now be solved .

Consider the quadratic equation 22 — 22 +10 = 0.
Let us try to solve it by completing the square:

22 — 2z = —10,

22— 20 +1=—-10+1,
(z—1) = -9 =922,
r—1=+3 o x-—1=—3,
r=1+3t=0 or r=1-—31.

We could get this same result by using the formula

x_—b:l:\/b2—4ac

for ax2+bx+c:0,

2a
. 24+ V=36 2 + /3642 2 + 6 .
lLe.x = 5 = 5 = 5 = 1+ 3.

This quadratic equation has been regarded as unsolvable up to now because
b? —4ac<0.

However, assuming the existence of this “number” ¢, we can see that any
quadratic equation can now be solved . We obtain solutions of the form a + b
and a — b, where a and b are ordinary real numbers.

A general complex number can be written Iin the form
2z =a+1b, where a and b are real numbers, including zero.

a Is called the ** Real part of 2’ = Rez =a

b is called the *““Imaginary part of z” = Imz =10
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The number a — b is called the conjugate of a + b,
ie. if z=a+1i then 2z =a—1b.
If a=0 = 2z=1b — imaginary number.

If b=0 = 2z=ua — real number.
The field of complex numbers is
C:{z:aJrz'b: a, beR, 2'2:—1}.

e Algebraic operations

Let a, b, ¢, d - real numbers.

1. Addition and Subtraction

(a+ib)+(c+id)=(a+c)+i(b+4d).

2. Multiplication

(a +ib)(c+id) = ac + iad + ibc + i%bd
= ac—bd +i(ad + be).

Special case

(a+1b)(a—1b) = a® + b - real number!

3. Division

a+ib  (a+ib)(c—id)  ac—iad + ibc —i°bd
c+id  (c+id)(c—id)  + d?

(ac +bd)+ i(bc—ad)

2+ d2
B [ac—l—bd]_H,[bc—ad]
& + d? A +d?)

e.g. multiplying numerator and denominator by the conjugate of the
denominator.

Note
Power of ¢ can be simplified:



3 2.

170 = 171 = —1,

4 2\2 2
it = () =(-1? =1,
P =iti=1i

zﬁqﬂfzpﬁﬁ:—L

and so on.

Worked examples
1) (3—4)(2+5i)=6+15i —2i — 5 = 11 + 13i.

—14+2 (=142 (2—3i)  —2+ 3i+ 4i— 6
243 (2437) (2—31) 92 4 32

2)

_4+”_i+14
13 13 137

3 1 B 1 1
(1—0)(34+2i)) 34+2/—3i—22 5—i

__(1 x5+¢»_5+w<_5+z 5+
C\5—i/\5+i/ 2541 26 26 26

e Equal Complex Numbers

Two complex numbers z; = a + ¢b and z9 = ¢ + id are equal
< their real parts are equal and their imaginary parts are equal :
a+1b=c+1d <& a=cb=d.

Example. If z and y arereal, find z and y such that
r(4—1)+y(2+31) =8+ 51.
Solution:

Open parenthesis and compare the real and imaginary parts:

4r — iz + 2y + 13y = 8 + 5,
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(dr +2y) +i(3y —x) = 8 + 517,

dx +2y = 8 20 +y =4 r =1

= =
3Yy—x =95 T =3y—>5 y = 2.

The method of equating real and imaginary parts of a complex equation also
provides a way of determining the square root of a complex number, e.g. to find

V3 — 45, we say:

Let v3—41 =2x+14y, where z and y are real.
Then 3 —4i = (z +iy)? = 22 — y® + 2ayi.

Equating real and imaginary parts gives:

Qj‘2—y2:3 r = £2
<
20y = —4 y = £1,

S0 V3 —4i=4(2—1).
Note

Remember that the imaginary part of a complex number is in
fact real - it is the coefficient of 1!

e Complex Roots of a quadratic equations

Consider the quadratic equation az® +bx +c = 0. (1)

If D= b2 —4dac< 0,

—b:l:\/b2—4ac<:) b iNdac — b
2a

then =z =

- — + . 2
v 2a 2a )

—b Vdac — b2

Let p:2— and q:2—,
a a

so the roots of (1) are p+iq and p —iq = conjugate
complex numbers.



Example.
2 +2x+5 =0,

D=+b —dac=4-20=—-16<0,

and so there are no real solutions.
Using the formula (2), we have that

—24+V—-16 —24+ 44
v 2.1 2 b
.e. r=—1+2 or r=—1-—21.

e The Argand Diagram

The complex number 2z = z + 4y, with z and y real numbers, can be
represented by the ordered pair (x,v).

This suggests an analogy between complex numbers and the coordinates of a
point (z,y) inordinary Cartesian coordinates.

Clearly, we can think of our complex number zas being
represented on a plane as the point M with Cartesian
coordinates (z,y ) referred to axes Oz and Oy .

Since real numbers are complex numbers of the form x + 10,
i.e. y = 0, it follows that all real numbers lie on the axis

The axis Oz is called the Real Axis.
Similarly - the axis Oy iscalled the Imaginary Axis.

This idea was introduced by the French mathematician Argand and his name is
given to the diagram which represents a complex number in this way — Argand
diagram.

A general complex number  z = z 4 1y isrepresented by the vector OM
where M isthe point (z,y).



e Modulus and Argument of a complex number

___ _M(z==z+1iy) Letthe complex number z = x + 4y is represented by the
point M (z,y).

| If OM = r then
0 T T r Is called the modulus of z

('this is the distance of the p. M from the origin ).

r=1z1=|z +iy| = V22 + 42 (by Pythagoras).

The angle 6 ( in the positive sense ) is called the argument of
z.

We use the notation arg z,
le. 0 = argz = arg(x + 1y).

From the Argand diagram we see that tan6 = L]
Xz

Note
Yy

1. If z and y are known, there is an infinite set of angles whose tangent is = ,
X

so there is also an infinite set of arguments for z + 1y.
So, to get the correct value for our problem, always draw a diagram.

2. Thereisonlyonevalue € intherange —7 <60 < 7.

This value is the principal value of arg z.

The other correct values for argz are 6 + 2km, k = 0,+1,£2,....
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e The Polar form of a complex number
Let 2z =+ 4y. From the diagram we see that

T = rcosf

y = rsinf

Hence
x4+ 1y =rcosf +isinf = r(cosf + isinf).
This is called the Polar form of z

( because r and € are the polar coordinates of the point P,

Cartesian coordinatesare = and y ).

If a complex number is given in the form =z + 4y, it can be converted into the
form r(cos® + isin @) simply by finding the modulus » and the argument

6.

Some problems involving complex numbers are much more easily solved by

using the Polar form.

Example.

Represent the following complex numbers on Argand diagram and hence

express them in Polar form:
a)l—+q b) —3 + 414 c) —95 d 2 e)2—2
Solution:

a) The point A represents (1 -+1).

A(1,1)

tand = 1,andso 6 = %

Thus 1+ 17 = ﬁ(cos%Jr z'sinz
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b) The point B represents (—3 + 417).

Distance
B-34) OB =&+ 2 =5=|-3+4il =7
- tan § = %4, and so 0 = 180° — 53°8 = 126°2’

b)

Thus —3 + 4i = 5(c0312602' + isin126°2 )

—3 o' T

c) The point C' represents —5.

Distance OC' = |-5| =5 =71
0 and 0 = 7.
C(-5,0) T Thus =5 = b(cosm 4 ¢sin ).

d) The point D represents  2i.

y , 2 o2 o os
2l Do.2) D;TstanceOD_\/O +2° =2=\2i|l=r
d — —
) O=m/2 and 0 2
0" z  Thus zizz(cosgﬂ'sing).

e) The point M represents (2 — 217).

Distance OM = V22 + 22 = J8 = |12 — 2i| = r,
0 12 tanf = —1, and so /R
|

e) 7\& T 4
o -NM(z-2) ) 4 ().

Thus 2 —2i = \/g(cos(—z

Yy
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eProduct and Quotient in Polar form

Let 2y = n(cosf) +isinby)
and 29 = m (cosby + isinby)
Then
2129 = (cos(Oy +6r) +isin(O +6))
l.e. 2129 gives a complex number with modulus 77 and
argument(6; + 6 ).

We also find that

L D (cos(0 — 6y) +isin (6] — b))
2 1
e 2L gives a complex number with modulus " and
29 2

argument (6; — 6y).
These results may be easily remembered in words:

To multiply: multiply the modulus and add the arguments.

To divide: divide the modulus and subtract the arguments.
Example 1. Simplify (V3 + z’)18.

We shell use the Polar form as follows

tanQZTgéezgﬁargz:%;
v \/§+i:2(cos%+isin%).

From 121 = 2 = 2118 = 218,

From argz = % = arg (18 = 18(%) = 3.
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Thus we obtain

(V3 + i)' = 218 (cos 31 + isin 37)
— ol8 (cosm + 2sin )
=218 (14 0i)

—218

Hence 2" = r" (cosnf + isinnf).

(14 )8

Example 2. Simplify
V3 —i)

From the diagrams we see that

(1+44) = ﬁ(cos%+ isinz),

4
(V3 —1) = 2(008(—%)+isin(—%)).
Hence
(1+0)8 = 28 (COS(S%) + isin(S%)) — 24 (cos 27 + isin 2m),
(x/g—z')G = ﬁG(COSG(—%)—I— isin6(—%))
= 26((:08(—7T>—|—z'sin(—7r)).
So we get
(148  2*

= —(cos (2w — (—m)) + isin (27 — (—7)))

(VB-if 2

= %(Cosgﬂ' + ¢sin 37)
= i(—l + 02)

1
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e Exponential form of a complex number

6

From the Euler’s formula e = cos @ + 7sin @, and the Polar form  of a

complex number
z=r(cosf +isinf),

0

we get z = re' - Exponential form of :.

Example.
Express 141 in 2z =re? form and hence find (1—|—z’)20 in
Cartesian form.

Solution:

We found that the Polar form of this complex number is

144 =72 cos%—l—z’sin% ,
ie. r=+2 and 0:%.

LTC

So the Exponential form will be 1+i = J2ed,

Hence

i
1—20 .
(14020 = 22047 — 91057 — 910 (og 50 + 4 gin 5r)

= 21014 0i)
—210,

Note

We now have three ways of expressing a complex number:

2=+ - Cartesian form.
2z =1r(cosf +isinf) -  Polar form.
2 = rei? - FExponential form.
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e Exercises 1

1) Solve the equations

a)z2—|—9:O Ans. z = £31.
b) 22 + 42+ 8 =0 Ans. z = —2 4 2i.
c)z2—3z+3:0 Ans.z:%.
d) 2* — 322 —4 =0 Ans. z = +2; +1.

: . 2 . :
2) Given z = —1+4 37, express z + — in Cartesian

V4

form a + ib.

3)Given z =4 — 31, express z + 1 in Cartesian form a + 7.
y4

4) Express in a + b form.

(1—i) .y (2-30) C)(1—2z')(3+z') m<r+wﬁ
(3 — i) (14 2i)i3 (44 1) (2—1i)

a)

5) Find z, giventhat 2 (2 — 37) = 3 + 41.
6) Simplify (3 + 2i)% — (3 — 2i)3.

2—i _2i-1
2+ T 1—i

Nt 2= express z; and z9 in a+ b

form.

8)If 2 = —1+2i, 20 =3—4i, z3 =1—1, find

[l_l] and [ZQ +lJ in a + b form.
2 29 zZ3
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NIF 2 =1-3i, 29 =—1—14, 23 =1—14J3

find [i—l—iJ and [Zg—i] in a+ b form.
| 22 |

e Exercises 11

1) Find the modulus and arguments of the complex numbers:
a) —4 b) -3 c) -1+ d)2+2

f) 1+iv3 9) —~3—i h) 5 K) —1—1.

2) Find the Polar formof 1; 1474 1—14 —3444 2474.

Hence, find the modulus and arguments of:

a) — b) (1+4)(1—14) ©) —0 d)?fj.

-3 + 41 —3 + 41

3)Express 1—4 and 1—4~3 in Polar form and hence express the
following in Cartesian form:

a)(1—i)6 b)) (1-iv3)"® c)(—l_i )12
1—4v3)

: 1y . :
HIf 2 =4— 37, express (z—l—;) in a -+ form.

5) Express z = —1 4 i~/3 inPolar form and hence find ¢2z>12.
6) Express z = ~/3 — i in Polar form and hence find ¢2z>18,

7)Express z =~3+i, 2 =—-1—4, 2=2—-2i, z=—-1+4J/3 in
Exponential form.

8) Solve the equation 22 492,45 =0
9) Giventhat z and z satisfy the equation ;7 +2i2 =12 + 61,
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find the possible values of = .

10) Find V4 — 31 ;

1) If 2z = 2+ 7’ find the real and imaginary parts of 2z + 1 :
—1 z

12) If (2 _i’i)(i% 21) —r(cosf + isin @), where r and 6 are real,
— 4l

showthat » = /12 and tanf = £

1+ V3i)’
13) Express 1 +~/3i and —1 — 4 in polar form and hence find <(—|i—'z)>4
—1—4

in Cartesian form.
1M If 21 = cosf +isinf and z9 = cosy + 1sinp prove that

14+ 2
_ t—
a) = 2 1 CO 5
1 1
b) =| 2 20 + =cos (0 + )
2 21 29

- 18 -



